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New Constructions of Permutation Arrays 

Lizhen Yang, Kefei Chen, Luo Yuan 



Abstract 

A permutation array(permutation code, PA) of length n and distance d, denoted by (n, d) PA, is 
a set of permutations C from some fixed set of n elements such that the Hamming distance between 
distinct members x, y G C is at least d. In this correspondence, we present two constructions of PA 
from fractional polynomials over finite field, and a construction of {n, d) PA from permutation group 
with degree n and minimal degree d. All these new constructions produces some new lower bounds for 
PA. 

Index Terms 

Code consti'uction, permutation arrays (PAs), permutation code. 

I. Introduction 

Let Vt be an arbitrary nonempty infinite set, and SymiVt) denote the symmetric group formed 
by the permutations over Vt. Two distinct permutations x, y G SymiVt) have distance d if 
xy~^ has exactly d unfixed points, in other words, there are exactly d points a & Vt such that 
x(q;) 7^ y(«). This distance is also called Hamming distance. A permutation array(permutation 
code, PA) of length n and distance d, denoted by (n, d) PA, is a set of permutations C from 
some fixed set of n elements such that the distance between distinct members x, y G C is at 
least d. An (n, d) PA of size M is called an [n, M, d) PA. The maximum size of an (n, d) PA 
is denoted as P{n,d). 
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PAs are somewhat studies in the 1970s. In 2000, an application by Vinck [?], [?], [?], [?] of 
PAs to a coding/modulation scheme for communication over power lines has created renewed 
interest in PAs. But the constructions and bounds for PAs are far from completely. In this 
correspondence, we focus on the constructions of PAs. Several papers have been devoted to this 
problem. In 1974 Blake [?] presented a construction of PA based on the sharply /c— transitive 
groups. Using this method, he constructed (n, 3), (11, 8), (12, 8), (g, g — 1), (1 + g, g — 1) PAs with 
maximum sizes, where q is the power of a prime. In 2000 Kl0ve [?] gave some constructions 
of {n,n — 1) PA using the linear maps of a ring(commutative with unity). In 2001 Wadayama 
and Vinck [?] presented some multilevel constructions of PAs with length n — T^. In 2002 
Ding, et al. [?] presented a method to construct an r— bounded (mn, mn — uv) PA from an 
r— bounded {n,n — u) PA and an s-seperable {m,m — v) PA. In 2003, Chang, et al. [?] presented 
the distance-preserving mapping to construct PAs from binary codes. In 2004, Fu and Kl0ve [?] 
presented two constructions of PAs from PAs and g— ary codes, Chu, et al. [?] gave several 
constructions, including construction from permutation polynomials over finite fields, Colboum, 
et al. [?] constructed (n, n — 1) PAs from mutually orthogonal latin squares of order n. 

In this correspondence, we present two constructions of PA from fractional polynomials over 
finite fields, and a construction of (n, d) PA from permutation group with degree n and minimal 
degree d. All these new constructions yieds some new lower bounds for PA. 

In the rest of this correspondence, we always denote g as a power of prime. 

II. Construction of PAs from fractional polynomials 

Polynomials over finite fields are often used to construct codes. In [?], a class of polynomials 
called permutation polynomials are directly applied to construction of PAs. Let Fq be a finite field 
of order q. A polynomial / over Fq is said to be a permutation polynomial (PP) if the induced 
map a ^ f{a) from Fq to itself is bijective. Let Nk{q) — {f : f e Fq[x] is a PP, d{f) — k}. It 
was shown in [?] that the set of all of the permutation polynomials over Fq with degree < d 
forms an (n, n — d) PA. 

Theorem 1: [?]. 

d 

P{q,q-d)>Y,Ni{q). 

1=0 

The set of monic permutation polynomials over Fq with degree < d + 1 forms an {q,q — d) 
PA also. 
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Theorem 2: [?]. Suppose there are E monic permutation polynomials over Fq of degree less 
than or equal to o? + 1. Then P(g, q — d)> E. 

In this section, we present two constructions of (g, o?) and (g + 1, o?) based on the fractional 
polynomials over finite fields. 



Definition 1: A fractional polynomial over Eg is of form 4^, where f(x),g(x) are poly- 



A. Construction of PAs with length q 

nomials over Eq. Two fractional polynomials and are said to be equal, denoted as 
flM = o^^y if /i(^) = /2(2^)> f 1(2;) = ^2(2;). If g{x) is monic and {f{x),g{x)) = 1, 

then we say is sub-normalized fractional polynomial. Let SEP{q) denote the set of all 
sub-normalized fractional polynomials over Eg. For g e SEP{q), define 



g{x) 



Lemma 1: Suppose that = and ^ = are sub-normalized fractional permutations 

d{h{x)g2{x))<q-2,d{f2{x)gi{x))<q-2. 



over Eq such that 



Then 

h{x)g2{x) - f2{x)gi{x) = 0. 

if and only if (p — ip. 

Proof: The sufficiency is clear, we need only to prove the necessity. If fi{x)g2{x) — f2{x)gi{x) — 
0, then fi(x)g2(x) = f2(x)gi(x), moreover d(fi(x)g2(x)) < q- 2,d(f2{x)gi(x)) < g - 2 and 
{fi{x),gi{x)) = 1, then gi(x)\g2{x). Similarly, g2(x)\gi(x). Hence gi(x) = g2{x) because gi(x) 
and g2ix) are monic. Then fi{x) = f2{x) follows immediately. QED. 
Definition 2: A PA-mapping for length q (for short: an g— PAM) is a mapping 

tt: SEP(q)^ Sym(Eq) 

m 



such that for each a e Eg, if 



then ^""^(ck) G ^4, in other words, there exists P' e A satisfying ^(/?') — a. 
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Proposition 1: The number of g— PAMs is at least 

n i^-ym- 

<j)eSFP{q) 

Proof: We can construct a PAM tt as follows. For each — e SPF{q), according 
to the definition of gf— PAM, we choose V{(j)) members of {7r{(j)){a) : a e Fq} determined by 
f{a),g{a), namely 7r(0)(Q;) = and set the other q — 1^(0) members of {7r(0)(Q;) : a e Fq} 
to be any possibilities satisfying {7r(0)(Q;) : a e Fq} — Fq. There are at least {q — V{(j)))\ 
possibilities of {7r(0)(Q;) : a G Fq}. Thus we complete the proof. QED. 
Lemma 2: 

min{s — si,t — ti} + min{s — S2, i — ^2} + max{si + ^2, S2 + ^i} < s -\-t. 
Proof: For case max{si + ^2, S2 + ^i} = -Si + t2, we have 

min{s — si,t — ti} + min{s — S2, ^ — ^2} + max{si + t2, S2 + ti} 
= min{s - Si, t - ti} + min{s - S2,t - ^2} + (si + ^2) 
< (s-si) + (i-i2) + (si + i2) 
= s + t. 

Similarly, for case that max{si + t2, S2 + ^i} — S2-\- h, the statement holds also. QED. 

Definition 3: Let s,t he non-negative integer constants satisfying s + t < q — 2. Then we 
define SFP{q,s,t) be the set of all gfj e SFP{q) with d(f{x)) ^ s' < s, d{g(x)) ^ t' < t 
and 

q-v( < min{s-s',t-t'}. 

By definition, SFP{q, s, 0) is equivalent to the set of all permutation polynomials with degree 
< s. In this point, SFP{q, s, t) can be regarded as a generalization of permutation polynomials, 
however, SFP{q, s, t) are used to construct PAs with help of g— PAM, rather than directly 
construction. 

Theorem 3: Let s,t he non-negative integer constants satisfying s + 1 < q — 2. Then for any 

g-PAM TT, {7r(0) : G SFP{q,s,t)} is a (g, |5FP(g, s, t)|, g - s - t) PA. 

Proo/.- Let 0, = AM,02 = e -SFP(g,s,t) with 0i ^ 02, = = 

^1, d{f2{x)) = S2, d{g2{x)) = t2. 
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Let r=\{aeF,: g,{a) ^ Q,g^{a) ^ O,7r(0O(«) = flR = = then 



r < 



jo; e : gi{a) ^ 0,g2ia) ^ 0, 



/2(a) 



gi{a) g2ia) 

\{a e Fq : gi{a) ^ 0,52(0;) 7^ 0Ji{oi)g2{a) - f2{a)gi{a) ^ 0}\ , 



by Lemma 1, fi{x)g2{x) - f2{x)gi{x) ^ 0, then 

r < d{fi{x)g2{x) - f2{x)gi{x)) 

< max{si + ^2, S2 + ti}. 

Then by the definition of PAM, the number of roots of 7r(0i)(x) — 77(^2) (a:^) = in is 
at most 

{q-V{M^))) + {q-V{cl>2{^))) + r 

< min{s — si,t — ti} + min{s — S2, * — ^2} + max{si + t2, S2 + ti} 

<s + t, 

where the last inequality follows from Lemma 2. This yields the theorem. QED. 

Corollary 1: For k < q — 2, 

k 

PA{q,q-k) > max{\SPF{q,s,t)\ : s > 0,t > 0, s + 1 ^ k} > ^Ni{q). 

Unfortunately, even the enumeration of permutation polynomials are far from complete ( Nk{q) 
has been known for g < 5 [?]), the enumeration of SFP{q, s, t) seem more difficulty than that 
of permutation polynomials. But for small values of g, s, t, we can search by computer by 
checking all e SFP{q) with d{f{x)) < s and d{g{x)) < t. Similar to case of permutation 
polynomials, we can reduce the complexity of checking tasks by normalized their forms. 

Definition 4: A fractional polynomial over Fg is said to be normalized if {f{x),g{x)) = 1, 
both f{x) and g{x) are monic, and when the degree s of / is not divisible by the characteristic 
of Fq, the coefficient of x^~^ is 0. 

Let g e SFP{q,s,t). For a,/? e F„a ^ 0, then = e SFP{q,s,t) is again 

a member of SFP{q,s,t). By choosing a,P suitably, we can obtain ip in normalized form. 
For a given normalized fractional polynomial ^||y, the number of distinct such "'gi^^^p) is either 
q{q — 1) or q — 1, depending on whether (g, i) = 1 for some i >1 such that there is a nonzero 
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coefficient of x\ By this approach, we find some new lower bounds for PAs by computer. For 
g < 23 be prime and k < 5, the new lower bounds on P(g, q — k) are as following: 

P(19, 16) > 684, P(19, 15) > 6840, P(19, 14) > 65322. 

Note: We also find the two bounds P(19, 16) > 684,P(19, 15) > 6840 [?] from another 
method. 

B. Construction of PAs with length q + 1 

Definition 5: A PA-mapping for length q + 1 (for short: an [q + 1)— PAM) is a mapping 

tt: SFP{q) ^ Sym{FqU {oo}) 



such that: 

(l)for each a e P,, 



A^{P:Pe F„g((3) ^ 0, ^ = a} ^ 0, 



'ijj^^{a) e A, in other words, there exists (3' e A satisfying 'ijj{(3') = a; 

(2)if g{x) — has no root in Fq, then -0(00) = oo, else ilj~^{oo) is a root of g{x) = in Fg. 
Proposition 2: The number of (g + 1)— PAMs is at least 

n (i-nm 

<t>eSFP(q) 

Proof: We can construct a (g + 1)— PAM tt as follows. For each = G SPF{q), according 
to the definition of (g+ 1)— PAM, we choose V{(j)) members of {tt ((/>)(«) : a E Fg} determined 
by f{a),g{a), namely 7r(0)(a) = and choose a members of {7r(0)(a) : a E FgU {oo}} 
equal to oo, and then set the other q — 1^(0) members of {n{(f)){a) : a E FgU {oo}} to be any 
possibilities satisfying {n{(f)){a) : a E FgU {oo}} — FgU {oo}. There are at least {q — V{(f)))\ 
possibilities of {7r{(f)){a) : a E FgU {oo}}. Thus we complete the proof. QED. 
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Definition 6: Let s, t, a, b be integer constants satisfying 

s>0,t>0,s + a>0,t + b>0, 
s + t<q-2, 
s + t + a < q-2, 
s + t + b < q-2, 
s + t + a + b<q-2. 



Then we define SFP{q, s, t, a, b) be set of all e SFP(q) such that, supposing s' — d(f(x)), 
t' = d{g{x)),v = V (^^^ , for case that g{x) = has roots in Fg, 

s' <s,t' < t, 

and 

q — V < min{s — s' ,t — t'} + 1; 
for case that g{x) — has no root in Fg, 

s' < s + a,t' <t + b 

and 

q — V < min{s + a — s' ,t + b — t'}. 
Theorem 4: Let s, t, a, 6, d be integer constants satisfying 

s > 0,i > 0,s + a > 0,i + & > 0, 
s + t<q-2, 
s + t + a<q-2, 
s + t + b<q-2, 
s + t + a + b<q-2, 

d = min{g — s — t,q — s — t — a — b,q + l — s — t — max{a, b}}. 

Then for any (q + 1)-PAM tt, {7r(0) : e SFP(q,s,t,a,b)} is a (g + PA with size 
\SFP{q,s,t,a,b)\. 
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Proof: Let 0, = Mg, 0^ = gg G SFP{q,s,t,aM with 4>i + 02, Si = d{h{x))M = 
Let r^\{aeF,: g,{a) ^ Q^g^ia) ^ O,7r(0i)(«) = ^ = <<t>2){a) = then 



where z = {a & Fq : gi{a) = g2ia) = 0}. Now we are ready to find the upper bound on the 
number of roots of 7r(0i)(a;) — 7r(02)(a;) = in Fg U {oo}, which is denoted as R. We discuss 
in four cases: 

Case I): Both gi{x) — and g2{x) — have roots in Fq. We further discuss in two subcases: 
Subcase iy.gi{x) — and ^'2(3:^) = have at least a common root in Fq, namely 2; > 1. By 
the definition of (g + 1)— PAM, we have 

R < z + {q - vi - z) + {q — V2 - z) + r + 1 

< z + {q — vi — z) + {q — V2 — z) + max{si + ^2, S2 + h} — z + 1 
= {q- Vi) + {q- V2) + max{si + ^2, -52 + h} - 2z + I 

< min{s — si,t — ti\ + 1 + min{s — S2, ^ — ^2} + 1 + max{si + i2, S2 + ti\ — 1 

< s + t + l. 

where the last inequality follows from Lemma 2. 

Subcase T):z — 0. Then if a e is a root of g\{x) = satisfying 7r(0i)(Q;) — 00 then 
7r(02)(Q;) 7^ 00, whereas if a' e is a root of g2{x) = satisfying 7r(02)(ct') = 00 then 
7r{(pi){a') 7^ 00. So we have 



r 




\{a e Fq : gi{a) ^ 0, g2{oL) ^ 0, jx{oi)g2{oL) - f2{a)gi{a) = 0}| 



By Lemma 1, fi{x)g2{x) - f2{x)gi{x) ^ 0, then 



r < d{fi{x)g2{x) - f2{x)gi{x)) - z 



< max{si + t2, S2 + ti] - z, 



R < {q-Vi-l) + {q-V2-l)+r + l 



< min{s — si,t — ti} + min{s — S2,t — ^2} + max{si + t2, S2 + ^i} + 1 



< s + t + l. 
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Case II): Both gi{x) = and g2{x) = have no root, then z = 0. By the definition of 
{q + 1)-PAM, we have 

R < {q-Vi) + {q-V2)+r + l 

< min{s + a — si,t + b — ti} + min{s + a — S2,t + b — ^2} + max{si + t2, S2 + ^i} + 1 

< s + a + t + b + 1. 

Case III): gi{x) — has roots in Fq while g2{x) = has no root. Then z = 0. If a e Zg is 
a root of gi{x) — satisfying 7r{(f)i){a) — 00 then 7r{(f)2){a) ^ 00, and 7r(0i)(oo) ^ 00 while 
77(^2) (00) = 00. Then by the definition of (g + 1)— PAM, we have 

R < {q - vi - 1) + {q - V2) + r 

< min{s — si,t — ti} + min{s + a — S2,t + b — t2} + max{si + t2, S2 + ti} 

< min{s — Si,t — ti} + min{s — {s2 — a),t — (^2 — b)} 

+ max{si + (^2 — b),{s2 — a) +ti} + max{a, b} 

< s + t + max{a, 6}. 

Case rV): gi{x) — has no roots while g2{x) — has roots in Fg. It can be proved that 
R < s + t + max{a, b} similar to Case HI. 

Now we can conclude that {n{(f)) : e SFP{q,s,t,a,b)} is a (g + l,d) PA with size 
\SFP(q,s,t,a,b)\, where 

d — q + 1 — R> mm{q — s — t,q — s — t — a — b,q + l — s — t — max{a, b}}. 

QED. 

Comparing the definitions of SFP{q, s,t) with SFP(q, s,t, a.b), we find SFP{q, s,t) C 

SFP{q, s, t, 0, 0). This in conjunction with Theorem 4 implies the following Corollary. 
Corollary 2: For k + 1 < q — 2, 

PA{q+l,q-k) > 

m&x{\SFP{q, s,t,a,b)\ : s + t = k, s > 0,t > 0, s + a > 0,t + b > 0, {a,b) £ {(0, 0), (1,-1), (-1, 1)}} 

> miiK{\SPF{q,s,t) : s > 0,t > 0, s + t = k}. 
As the case of SFP{q, s, t), the enumeration of SFP{q, s, t, a, b) is difficulty to determined, 
while for small values of q, s, t, we can find by computer by checking all e SFP{q) 
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with d{f{x)) < s + max{0, a}, < t + max{0,6}. The complexity of checking task 

can be also reduced by only checking the normalized forms. Let e SFP{q,s,t,a,b). For 
a,P e Fq,ay^ 0, then i/j = "g(x+^) ^ ^^Pil^ a, b) is again a member of SFP{q, s, t, a, b). 
By choosing a, /3 suitably, we can obtain t/j in normalized form. For a given normalized fractional 
polynomial j^, the number of distinct such "'g^^l^p^ is either q{q — 1) or q — 1, depending on 
whether (g, i) = 1 for some i > 1 such that there is a nonzero coefficient of x*. By this approach, 
we find some new lower bounds for PA by computer. For g < 23 be prime and A; < 5, the new 
lower bounds on P{q + l,q — k) are as following: 

P(18, 14) > 9520, P(20, 14) > 123804, P(24, 20) > 23782. 
III. Construction of (n, d) PAs from permutation groups with degree n and 

MINIMAL DEGREE d 

Let G be a finite permutation group with a action on a set Vt. The order of G is defined as 
the cardinality of G and the degree of G is defined as the cardinality of Q,. If g & G, then the 
degree of on Q is the number of points moved by g. The minimal degree of G is the minimum 
degree of a nontrivial element in G. G has fixity / if nontrivial elements of G fixes < / points, 
and there is a nontrivial element of G fixing exactly / points. Thus the minimal degree of a 
permutation group of degree n and fixity / is n — /. By definitions, for gi.,g2 € G, the distance 
between gi and g2 is the degree of gig2^, this yields the following theorem immediately. 

Theorem 5: Let G be a permutation group with degree n and minimal degree > d. Then G 
form an (n, d) PA. 

Then from the knowledge of permutation groups, we can obtain a lot of PAs for given lengths 
and distances. 

Example 1: Frobenius groups have fixity one, then Frobenius group of degree n forms an 
{n,n — 1) PA [?, p.85]. Zassenhaus groups have fixity two, then Zassenhaus group with degree 
n forms an {n,n — 2) PAs. The minimal degree of a proper primitive permutation groups of 
degree n is at least 2{^Jn — 1) [?], then a proper primitive permutation group of degree n forms 
an (n, 2(Vn - 1)) PA. 

Example 2: Let m > 5, n = m{m — l)/2, and d = 2m — 4, and permutation group G 
be the action of Sm on the set of 2— sets of {1,2, .. . ,m}. This action is primitive of degree 



February 5, 2008 



DRAFT 



JOURNAL OF L3T^ CLASS HLES, VOL. 1, NO. 11, AUGUST 2006 



11 



n = m{rn — l)/2 with minimal degree d = 2m — 4 [?, Exercise 3.3.5, p.77]. Then G is an (n, d) 
PA with IGI > exp{^/2n\ogV2n - V2n) [?, Exercise 5.3.4, p.l55]. 

Example 3: Let G be the affine group AGLa{q) acts as a permutation on the affine space of 
dimension d over a field of q elements. Then G is an (g'', q^ — q^'^) PA [?, Example 5.4.1, p.l58] 
of size g<<i+i)/2(g<i-i)(5<i-i-i) . . . (q-l). Particularly, for g = 2, G is a (2'', 2'^-^) PA with size 
2d{d+i)/2(2d_i)(2<i-i-i) . . . (2-1) which is times the size 2^(2''-l)(2'^-i-l) . . . (2-1) 

of PA constructed in [?]. 

Some new lower bounds for PAs are obtained below. 

Lemma 3: P(24, 16) > 244823040, P(23, 16) > 10200960, P(22, 16) > 443520. 
Proof: The fixity of Mathieu group M24 is at most 8 [?, p.310], then M24 is a (24, 16) PA of 
size IM24I = 2i°-33-5-7- 11 -23= 244823040 [?, Table 6.1., P204]. Since Mathieu group M23 is 
a one-point stabilizer of M24, then M23 is a (23, 16) PA with size IM23I = 2^ • 3^ • 5 • 7 • 11 • 23 = 
10200960 [?, Table 6.1., P204]. Since Mathieu group M22 is a two-point stabilizer of M24, then 
M22 is a (22, 16) PA with size IM22I = 2^ ■ 3^ ■ 5 ■ 7 ■ 11 = 443520 [?, Table 6.1., P204]. QED. 

The permutation group G acting on a set Q, with — n is said to be sharply A; -transitive if, 
for any two ordered k subsets of Q, say {ii, ^2, ■ ■ ■ , ik} and {ji, J2, ■ ■ ■ , Jfe} there exists exactly 
one element a E G such that a{ii) — — 1,. . .,k. The sharply /c-transitive group of degree n 
has been proved in [?] that it is an {n,n — k-\-l) PA of size n\/{n — k)\. Indeed, a permutation 
group G with |G| = n\/{n — k)\ of degree n is an (n, n — A; + 1) PA if and only if it is sharply 
fc-transitive. 

Theorem 6: A permutation group G with order n\/{n — k)\ and degree n is an {n,n — k + 1) 
PA if and only if it is sharply A; -transitive. 

Proof: We need only to prove the necessary. Suppose that G acts on Q,. For any two ordered 
k subsets of Q, say {ii, ^2, ■ ■ ■ , ik}, {31,32, ■ ■ ■ , jk}, there exists at most one a E G such that 



since two distinct such permutations would have distance <n — k. There are n\/{n — k) \ ordered 
k subsets of Q, this means there exists at least one element a E G satisfying condition (1). Hence 



(1) 



G is sharply A;-transitive. 



QED. 



mds 



November 18, 2002 
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